Non-relativistic ABJM theory is defined by Galilean limit of mass-deformed N = 6 ChernSimons theory. Holographic string theory dual to the theory is not known yet. To understand features candidate gravity dual might exhibit, we examine local and nonlocal physical observables and their correlations in the non-relativistic ABJM theory. We show that gauge invariant local observables correspond to zero-norm states and that correlation functions among them are trivial. We also show that a particular class of nonlocal observables, Wilson loops, are topological in the sense that their correlation functions coincide with those of pure Chern-Simons theory. We argue that the theory is nevertheless physical and illustrate several physical observables whose correlation functions are nontrivial. We also study quantum aspects. We show that Chern-Simons level is finitely renormalized and that dilatation operator is trivial at planar limit.
Introduction
Non-relativistic version of the anti-de Sitter (AdS) / conformal field theory (CFT) correspondence [1] [2] is an interesting new horizon to string theory. The correspondence offers a new arena of theoretical physics by providing a completely new approach to strongly correlated condensed matter systems such as cold atoms in optical trap, high T c superconductor and quantum Hall effects. Conversely, the correspondence opens up an exciting possibility that experimental as well as theoretical understanding of strongly correlated condensed matter systems may offer a new insight into quantization of gravity and string theory in a suitable dual background.
Identification of physical observables in both the AdS and the CFT sides is the starting point for quantitative study of the correspondence. In the relativistic case, a prescription to compute the correlation functions of local observables (so-called GKPW relation [3] [4] ) and of nonlocal observables such as Wilson loops [5] [6] were proposed immediately after the advent of the AdS/CFT correspondence [7] . Drawing an analogy to the relativistic AdS/CFT correspondence, a prescription to compute the correlation functions in the non-relativistic AdS/CFT correspondence was proposed recently [1] [2] [8] . However, in all cases studied so far, 'boundary' of the spacetime dual to the non-relativistic CFT turned out singular, so it was not obvious how to set up a sensible prescription. In this regard, though partial success was reported, the proposed prescriptions are far from being rigorous and should be considered at best heuristic.
In the non-relativistic AdS/CFT correspondences studied so far, there is no concrete Lagrangian description of the dual conformal field theory. This is a serious drawback against testing the correspondence. One promising and distinguished candidate in this direction is the non-relativistic M2-brane theory. The construction is simple: we begin with the worldvolume gauge theory of N multiply stacked relativistic M2-branes at an orbifold singularity [9] , introduce a suitable supersymmetric mass deformation as in [10] [11] , and then take an appropriate non-relativistic limit. The resultant action, which we call as the non-relativistic ABJM theory, has been reported in [12] , and the (super)symmetry has been investigated.
In this paper, we study physical observables and their correlators in the non-relativistic ABJM theories with gauge group U(N)×U(N) and Chern-Simons level k. The theory has 10 kinematical, 2 dynamical and 2 conformal supersymmetries, so these observables are classifiable according to their supermultiplet structures. We shall various surprising features that distinguishes the non-relativistic ABJM theory from the relativistic counterpart. We first show that all local gauge invariant observables are zero-norm states and hence all correlation functions among themselves are trivial. We will further show that a special class of non-local observables, the Wilson loops and the 't Hooft loops, are topological in the sense that their correlation func-tions coincide with those of the pure Chern-Simons theory. By the holography, this suggests a peculiar topological nature of the string theory defined on gravity dual.
We emphasize that the non-relativistic ABJM theory is not a topological field theory but a physical theory with intricate multi-particle dynamics. For example, the theory shows nontrivial S-matrices. The claim here is that if we restrict ourselves to correlation functions involving a class of simple (local or non-local) gauge invariant observables studied in the context of the relativistic AdS/CFT correspondence, they exhibit topological characteristic. Indeed, we find physically nontrivial correlation functions once we take account of less familiar observables involving monopole operators and multi-local operators. In discerning topological versus physically nontrivial observables, we point out eigenvalue of these operators to the mass operator in the underlying Schrodinger superalgebra plays a prominent role.
Related, we emphasize that quantum dynamics of the non-relativistic ABJM theory gives rise to finite renormalization of the Chern-Simons level k → k + N. We also emphasize that the dilatation operator of the theory acting on a single trace state is an identity to all orders in 't Hooft coupling perturbation theory. This implies that there is no dynamical excitation on the string worldsheet. From these, we learn a great deal of yet-to-be-found candidate string theory and gravity dual to the non-relativistic ABJM theory. In particular, we see that the gravity dual must have a geometry of curvature at string scale and string theory defined on it must exhibit tensionless and topological characteristic.
We organized this paper as follows. In section 2, we review the non-relativistic ABJM theory and its supersymmetries. In section 3, utilizing the established operator-state correspondence to this theory, we study properties of local gauge invariant observables. We show that all local operators have zero norm and their correlation functions vanish. We also discuss gravity dual of this property and classify supersymmetry protected local operators. In section 4, extending to nonlocal observables, we study Wilson loops. We show that they are topological: their correlation functions are exactly the same as the pure Chern-Simons theory. From this, we also find that string dual to the Wilson loop must be tensionless. We also classify supersymmetric Wilson loops, which are natural extensions of the chiral primary local operators. In section 5, we argue that there are also observables of nonzero norm. We also study correlation functions involving these observables and show that they are nontrivial -neither zero nor topological.
In section 6, we highlight several quantum aspects of the theory. We argue for the shift of the Chern-Simons coefficient and discuss its implications. We also point out topological nature of non-relativistic spin chain on which dilatation operator acts as an identity operator. This implies that there is no excitation on the worldsheet of string dual. In section 7, we summarize our results and discuss various implications and points for further study.
Non-relativistic ABJM Theory
The non-relativistic ABJM theory with fourteen supercharges was first derived in [12] by taking non-relativistic limit of the mass deformed ABJM theory 1 (see also [13] ). Subsequently, a superfield formulation with manifest dynamical supersymmetry (SUSY) was developed in [14] .
In this paper, we follow the conventions and the notations used in [12] .
action
The Chern-Simons part of the non-relativistic ABJM theory is the same as the relativistic theory and is given by a pair of U(N) Chern-Simons action with levels k and −k, respectively: indices: (1, 2, 1 ′ , 2 ′ ). Note that in mass deformed theory the parity conjugation exchanges not only the two U(N) gauge groups but also the two SU(2) R-symmetry groups.
Mass deformation of the ABJM theory preserving the N = 6 Poincaré supersymmetry (but breaking Osp(6|4) superconformal invariance) introduces a mass scale m. The deformation breaks the SU(4) R-symmetry to SU(2)×SU(2)×U(1). The U(1) is generated by the generator
. From the viewpoint of N = 2 superspace formulation, the mass deformation of the relativistic ABJM theory arises only from the D-term contribution to the scalar potential, none from the F-term. This may be seen as follows. Assume that it arises from the
. As the mass deformation preserves SU(2)×SU(2) subgroup, the unique choice of holomorphic operators of scaling dimension-2 are mTr(
However, these operators can not be present since they violate U(1) invariance and moreover vanishes identically upon taking trace over the gauge group.
The non-relativistic limit is then obtained by taking the limit c → ∞, and keep in each fields the particle mode only -it turned out this is required to retain maximal supersymmetry.
Denoting the mass as m, action for the non-relativistic kinetic term is given by 2
The last term is the Pauli interaction term, and can be rewritten as
The action for the quartic scalar self-interactions is given by 3
whereas the action for quartic scalar-fermion interactions is given by
The non-relativistic ABJM theory is then defined by the combined action of (2.1), (2.2), (2.3) and (2.4) . Notice that the theory does not conserve fermion number. Therefore, despite being non-relativistic, the theory permits processes in which a pair of fermions transmutes to a pair of bosons and vice versa. 2 Our notation for spacetime and spatial coordinates are µ = 0, 1, 2 and i = 1, 2, respectively. We introduce
nents of the gauge covariant derivative of U(N)×U(N). Here and throughout, we also rescaled the matter fields appropriately and put the coupling constant k/4π as overall factor to the action. 3 A convenient convention would be to put 2m = 1. This will eliminate factors of 2m in the action and supersymmetry transformations. For a book-keeping convenience, however, we shall keep this factor explicit hereafter.
kinematical, dynamical and conformal supersymmetries
We now analyze supersymmetries of the non-relativistic ABJM theory. In general, the supersymmetry in non-relativistic system is decomposed into the leading component in the nonrelativistic limit, called kinematical supersymmetry, and the remaining component, called dynamical supersymmetry. The action is invariant under the following N = 6 kinematical supersymmetry transformations:
Here, ξ AB denotes 6 complex spinor parameters of the kinematical supersymmetry. It turns out that only 5 of them are independent. To see this, we first denote them as ε i (i = 1, · · · , 6):
the gamma matrices Γ i AB are taken as
These chiral SO(6) gamma matrices are the intertwiner between the SU(4) antisymmetric representation (with the reality condition) and the SO(6) (real) vector representation. Note that (2) R-symmetry, they transform as (1, 1) and (2, 2), respectively.
The combination (ε 1 − iε 2 ) of the spinor parameters still yield a residual contribution to the smaller component. It generates the dynamical supersymmetry transformations:
the spinor parameter of dynamical supersymmetry is ζ AB
with only i = 1 and i = 2 contributing to the transformations. We denote the dynamical supercharge as Q . Under the SU(2)×SU(2) R-symmetry, the supercharge Q is a singlet.
Finally, associated to the two dynamical supersymmetries, there are two conformal supersymmetries. In fact, they are imperative in order for kinematical and dynamical supersymmetries form non-relativistic supersymmetry algebra.
non-relativistic superconformal algebra
We now summarize the non-relativistic superconformal algebra with fourteen supercharges realized in the non-relativistic ABJM theory. The bosonic part is nothing but the Schrödinger algebra -non-relativistic conformal algebra: [15] - [19] :
In our notation, H is the non-relativistic Hamiltonian, P ± are the momentum, J is the U (1) angular momentum, D is the dilatation, K is the special conformal transformation, and G z , G z are the Galilean boost generators. Moreover, M is the total mass generator
and ρ measures the particle number density of the non-relativistic matter fields. An important point for later discussions is that ρ is also the matter part to the electric charge of overall U (1) in U(N)×U(N) gauge group.
The non-vanishing fermionic part of the non-relativistic superconformal algebra is
Here, R and R mn are R-symmetry generators, while Q and S are the dynamical supersymmetry and the superconformal generators, both of which are SU(2)×SU(2) R-symmetry singlets.
We note that the non-relativistic superconformal algebra has a grading structure with respect to the dilatation operator D and can be triangular-decomposed as
where
Related, for later purposes, we notice that the algebra has a non-trivial involution anti-automorphism of the algebra [20] given by
This anti-automorphism is much similar to the Belavin-Polyakov-Zamolodchikov (BPZ) conjugation of the relativistic two-dimensional conformal field theories and plays a central role in the representation theory of the non-relativistic superconformal algebra.
Local Observables

operator-state correspondence
We first recapitulate briefly the operator-state correspondence in the non-relativistic CFT [21] .
Consider a local operator O(x), whose scaling dimension ∆ and mass µ are given by the actions
, respectively. In the non-relativistic ABJM theory, local operators must form a representation of the super-Schrödinger algebra. If O(x) commute with G ± and K (as well as S in the superconformal case), we call it the primary operator :
A tower of descendant operators is then obtainable by acting iP ± := −∂ ± and iH := ∂ t repeatedly on a given primary operator. Within each tower, the primary operator has the lowest scaling dimension. This is in accord with the grading structure with respect to D. In so far as µ is nonzero, we can always reach the primary operator by acting G ± and K on the descendants of each tower. Therefore, each tower is built upon a single primary operator, so we focus on the primary operators in analyzing the operator-state correspondence.
The operator-state correspondence in the non-relativistic CFT assigns to each primary operator an energy eigenstate of the system in a harmonic potential. In other words, we take the Hamiltonian to be
where the special conformal generator K provides a harmonic potential around the origin. We see that the state |O = e −H O(x = 0)|0 creates the energy eigenstate of H
where d O is the scaling dimension of the primary operator:
Note that the Hilbert space of this harmonic oscillator system has a natural involution antiautomorphism defined by the usual quantum-mechanical Hermitian conjugation of the harmonic oscillator. This anti-automorphism agrees well with the BPZ-like conjugation defined in section 2.3. Thus it is legitimate to use the unitary representation of the non-relativistic superconformal algebra based on the BPZ-like conjugation.
The argument here relies on the assumption that the operator O does not annihilate the vacuum. Were O annihilating the vacuum, we could instead consider O † that would not annihilate the vacuum and study the corresponding state as long as µ is nonzero. Later, when we discuss operators with µ = 0, we shall encounter an important subtlety in extending this operator-state correspondence to the µ = 0 sector.
zero-norm states and correlation functions
One distinguishing feature of the non-relativistic ABJM theory we would like to show is that all the gauge invariant local observables (operators) have zero norm. In addition, all the correlation functions among them are trivial. This will eventually suggest a very peculiar nature of candidate gravity dual theory: the corresponding bulk fields should have zero norm as well.
Nevertheless, we claim that these zero-norm states are non-trivial, as we will discuss further below.
There are several ways to see why all gauge invariant local operators must have zero norm in the non-relativistic ABJM theory. 4 The crucial observation to this is that the total mass charge algebra under the BPZ-like conjugation w(G + ) = P − (see [20] for the details), which is compatible with the state-operator correspondence in the non-relativistic conformal field theory [21] , || P ± |O || 2 = 2µ|| |O || 2 ought to vanish identically. Therefore, if µ of O(x) is zero, P ± |O has zero norm. If we also assume P ± does not annihilate O, |O must be a zero-norm state. Here,
we have used the fact that, by definition, the primary states (created by the primary operators acting on the vacuum) are annihilated by G ± .
In this argument, we assumed that there is a unique Galilean vacuum, and P ± |O states (or more precisely the corresponding operators i[P ± , O(x)] ) are non-trivial. This assumption is
In this way, we conclude that the state |O itself must have zero norm.
An alternative way to see this is that any gauge invariant operator O(x) is necessarily constructed out of both creation operators and annihilation operators. For example, Tr(
is constructed out of a creation operator ψ †A and an annihilation operator φ B . Recall that the creation operators have positive total mass (positive diagonal U(1) electric charge) and the annihilation operators have negative total mass (negative diagonal U(1) electric charge), so we have to combine both fields to construct µ = 0 gauge invariant operator. However, since the annihilation operator acting on the Galilean vacuum annihilates it (i.e. φ B |0 = 0), the vacuum is annihilated by such 'massless' gauge-invariant operators (i.e. Tr(ψ †A φ B )|0 = 0). This asserts that the corresponding states are zero-norm states.
In addition, we can show all the correlation functions among gauge invariant local operators are trivial. We will study the correlation functions such as
As we have seen, they are all zero-norm states:
The key point to show the triviality of (3.5) is that, in the non-relativistic system, all the propagators of elementary fields in the perturbation theory are retarded ones. It is then easy to convince ourselves that, in perturbative evaluation of (3.5), we have to encounter backward propagators in time at least once, and such amplitudes vanish identically. 5 We would like to emphasize that the argument here does not rely on any supersymmetry: non-supersymmetric operators are not protected against radiative corrections in general, but still they remain zero-norm states. Possible renormalization of operators cannot possibly change the total mass charge.
zero-norm states in gravity dual
While there is yet no known gravity dual theory proposed for the non-relativistic ABJM theory, we could understand some qualitative nature of these zero-norm states in the phenomenological non-relativistic gravity dual proposed in [1] [2] . The metric of gravity dual is given by
where the v-direction is compactified with radius R. The n-th Kaluza-Klein states have mass µ = n/R. We shall take the limit R → 0. In this limit, the only allowed state is the n = 0 zeromode. This fits to our assertion that there is no gauge invariant local operator with nonzero µ in the non-relativistic ABJM theory 6 .
Following [1] , let us study a minimally coupled scalar field in the background
As said above, we are interested in the zero-norm sates, and take the Kaluza-Klein mode with
Notice that there is no term with time derivative left.
The equation of motion is readily solved by Fourier transform as
by the modified Bessel function with ν = m 2 0 + 4. By studying the asymptotics of φ + and by using the GKPW prescription, we obtain the two-point correlation function of the operator O(x) dual to φ in momentum space as
Note that there is no dependence on the energy ω. Due to this absence of ω-dependence in the two-point function, going back to the coordinate-space gives δ(t) in the coordinate space. This is a manifestation of the fact that these are zero-norm states.
This elementary computation can be generalized to higher-point correlation functions. Since (3.8) does not have any time derivative, the dynamics is frozen. As a result, any correlation functions among the local operators with P u = µ = 0 computed in the GKPW prescription contain string of delta-functions of t. This implies that the correlation functions are topological at best, as expected from the discussions based on Schrödinger algebra.
It should be remarked that the states with P u = µ = 0 is actually quite subtle in the framework of the discrete light-cone quantization. A prescription is that they are defined as the limit P u = µ → 0, but then these states are lifted into ultraviolet infinitum of the light-cone Hamiltonian.
Normally, they decouple from finite energy excitations but there are also known situations that such ultraviolet decoupling does not work. For example, suppose the theory under consideration has an anomalous global symmetry when coupled to gauge theory or gravity. Then, the global charge violation can be seen via pair production in the background of appropriate gauge or gravitational field background. In the conventional discrete light-cone quantization, where pair production / annihilation is not allowed, such a process seems not possible at all. It turns out that the states with P u = µ → 0 are entirely responsible for reproducing the correct global charge
anomaly. For details, we refer to [22] .
supersymmetry protected operators
In our considerations in this section so far, the supersymmetry did not play any role. We now classify local observables further in terms of the non-relativistic superconformal algebra. In particular, we are interested in local operators protected by the supersymmetry as well as the non-relativistic conformal symmetry. Unitary representations of the non-relativistic superconformal algebra (under the BPZ conjugation) was studied in [20] , where the unitarity bound as well as the null vector conditions were also presented under the assumption µ = 0 in the representation theory. We shall utilize the results of [20] , exercising a little care because we are primarily focusing on 'massless', zero norm states.
For instance, the mass or U(1) charge density ρ in (3.4) is naturally protected. It also contains a null descendant at level-2 due to the conservation law ∂ t ρ + ∂ ± j ∓ = 0, where j ± is the momentum or U(1) current density. Such classes of null conditions were not considered explicitly in [20] as they are specific to the zero-norm operators. 7 The supersymmetry protected operators, on the other hand, are not affected by the condition of µ = 0. We can therefore use the classification studied in [20] (see also [13] ). In the weak coupling limit (k → ∞), we can construct these chiral primary operators out of chiral single 'letters' as shown in table 1. In particular, the chiral primary operators satisfy the condition
The chiral primary states satisfying this condition is annihilated by Q * . There are also antichiral primary operators out of conjugates of the single letters shown in table 1. They satisfy the condition
We can then form gauge-invariant (anti)chiral primary operators from multiple product of these letters and contracting their gauge indices so that a gauge singlet is formed. They are further decomposed to irreducible symmetric representations of the SU(2)×SU(2) R-symmetry.
For example, we have the single-trace operators
of conformal dimension 2L. They are classified by the symmetric spin-L representation of
SU(2)×SU(2).
It is interesting to compare the supersymmetry protected operators in the non-relativistic ABJM theory with the supersymmetry protected operators in the parent relativistic ABJM theory. First, the flat directions of the non-relativistic ABJM theory does not descend from the flat directions of the relativistic ABJM theory. For the latter, we need to turn off the mass deformation, else the chiral ring structure is trivial and no nontrivial protected operators can be formed.
Equivalently, the mass deformation in the relativistic ABJM theory lifts up the Coulomb branch completely. However, once taking the non-relativistic limit of the mass deformed relativistic ABJM theory, we see from the scalar potential (2.3) of the non-relativistic ABJM theory that there are flat directions. Therefore, the flat directions in these two theories are separated by mass deformation and non-relativistic limit and hence are a priori unrelated. Second, the Rsymmetries of the two theories are different. In the relativistic ABJM theory, we have SU (4) R-symmetries, so the chiral operators can be classified by the symmetric representations of SU(4). Here, we only have SU(2)×SU(2) symmetry. In particular φ a and φ a ′ should be treated quite differently: the former is a chiral letter but the latter is not (it is an anti-chiral letter).
It may be that that not all the gauge invariant combinations of the letters in table 1 are chiral primary operators for finite k. As in the relativistic counterpart, the scalar potential (2.3) in the action may impose nontrivial descendant equations as equations of motion. In nonrelativistic supersymmetry, it is unclear how to formulate these descendant equations. However, in the computation of the superconformal index, the Bose-Fermi cancelation and the resultant invariance of the index guaranteed that the index does not change in the 't Hooft limit, so we can use the k → ∞ result without having to solve the constraint from the potential terms.
Non-local Observables and Correlation Functions
So far, we considered local operators and their correlation functions. There are also various gauge-invariant nonlocal operators. Among them, we shall now consider the Wilson loop operator and study their correlation functions.
Wilson loops
With gauge fields present in the non-relativistic ABJM theory, nonlocal observables can be constructed. In this work, we shall focus on Wilson loops and 't Hooft loops. In gauge theories, these loop operators played an important role: they are order parameter for distinguishing the confinement and the Higgs phases. Often, they are also important mathematically. For example, in the pure Chern-Simons theory where there is no dynamical degrees of freedom, the Wilson loops and the 't Hooft loops -they are the same -define knot and link topological invariants.
Such topological nature ceases to be the case once relativistic matter is coupled to the Chern- Wilson loops are present:
Here, M B A and N B A are so-called velocity matrices of the contour C. Because the non-relativistic limit c → ∞, they are non-zero only for time-like contour, x ± = constant. Otherwise, M B A and N B A are no longer dimensionless parameters 8 . As in the relativistic counterpart, W and W of the non-relativistic ABJM theory are related by the generalized parity transformation, which not only reverses the spatial orientation but also exchanges the two U(N) gauge groups as well as two SU(2) R-symmetry groups. In the following, we thus focus on W [C]. As again in the relativistic counterpart, we readily see that one linear combination of (4.1) is dual to Type IIA fundamental string. We refer to [23] The reason why exchange of the non-relativistic ABJM matter fields does not contribute to the static potential can be easily understood from the relativistic ABJM theory and nonrelativistic reduction thereafter. To take the non-relativistic limit, we effectively introduce infinite mass to the matter fields, keep particle components of them while suppressing anti-particle components. Then, the causal exchanges of massive matters would not contribute to the force between the static sources. Similarly, there is no internal matter loop in the amplitudes because either they are too heavy or there is no virtual pair processes available and the amplitudes are suppressed.
Implications to gravity dual
From the Wilson loop in the non-relativistic ABJM theory, we can also learn features and characteristic of putative gravity dual to the non-relativistic ABJM theory. Consider a unknot Wilson loop whose contour is a rectangle of width L and T . It is well known that the Wilson loop expectation value is independent of the size and the shape of the contour. In the limit T → ∞, this Wilson loop measures static potential between a pair of quark and anti-quark separated by a distance R. On general ground, by the non-relativistic conformal symmetry (Schrödinger symmetry), one expects that the potential scales as
On the other hand, it is well-known that unknot Wilson loop expectation value is independent of shape and hence on T, R. Therefore, C(λ) = 0 and the static potential is absent in the nonrelativistic ABJM theory. We do not yet know what the gravity dual to the non-relativistic ABJM theory is. Nevertheless, we can still argue for peculiarity of the putative dual theory.
Recall that, from the viewpoint of Wilson loop -string duality, the static potential (4.2) between two charges is directly related to the interaction energy between two strings emanating from the boundary. The interaction is mediated by the graviton, the dilaton and the Neveu-SchwarzNeveu-Schwarz 2-form potential. As the two strings are antiparallel, the force mediated by each of these fields is attractive. Therefore, absence of the static potential in the gauge theory side implies that each of the three forces are zero! Evidently, the above result suggests that the fundamental string in gravity dual is tensionless. This is because, as in the relativistic counterpart, the string tension ought to set a universal 'charge' for the Newtonian gravity, the dilaton and the 2-form forces. In section 6, we shall find another indication from the study of the dilatation operator in the non-relativistic ABJM theory and the spin chain picture that a string in the gravity dual background is tensionless.
Summing up, from considerations of quantum aspects, we see that putative gravity dual to the non-relativistic ABJM theory must be very different from the traditional AdS/CFT correspondence of the relativistic counterpart.
Supersymmetric Wilson lines
Much like the local observables, it is important to understand under what conditions the Wilson loops in the non-relativistic ABJM theory are supersymmetric. To this end, we start with the time-like Wilson loop operators in the defining representation with the ansatz: 
We decompose the velocity tensors into su (2)⊕su (2) parts, and parametrize the matrix as
To preserve the component Q 0 , they have to satisfy
Similarly, to preserve the components Q m , they have to satisfy
In the former case, one can preserve two real kinematical supercharges, while in the latter case one, can preserve eight real kinematical supercharges. For the special case with α = 0 and β = 1 4m , one can preserve all the ten real kinematical supercharges.
Consider next the dynamical supersymmetry Q . It is straightforward to see that one needs to set N B A = 0 to preserve the dynamical supersymmetry. The supersymmetry conditions now read
We find that Q supersymmetry is preserved provided we choose M b
we can preserve eight kinematical supersymmetries Q m as well as two dynamical supersymmetries Q . For these choices, one easily checks that the conformal supersymmetry S is always broken.
We can investigate other supersymmetric Wilson loops which are not necessarily timelike.
For example, it is obvious that the spacelike Wilson lines:
preserve all the ten kinematical supersymmetry simply because A ± are invariant under the kinematical supersymmetry transformations. However, it is not possible to construct the Wilson lines that preserve the dynamical supersymmetry at the same time.
Finally, we consider the case withẋ m = 0. The contour C is a point in spacetime and gives rise to Wilson loop 'instanton' with 
Nontrivial Observables and Correlation Functions
This result of the previous sections is curious from the viewpoint of the non-relativistic AdS/CFT correspondence. Local observables in CFT are in one-to-one correspondence with bulk fields in AdS, and the correlation functions in CFT are computable from the bulk field amplitudes in AdS by adapting the GKPW prescription (see [1] [2] [8] ). What we showed so far is that all the bulk fields have zero norm and that fundamental string have topological interactions only. Does this mean that the non-relativistic ABJM theory itself is trivial or topological with little or no dynamical contents?
We claim, nevertheless, that the gauge invariant observables in the non-relativistic ABJM theory are nontrivial, and so should be the dual gravitational theory as well. After all, many of the zero-norm states are familiar quantities such as energy momentum tensor or conserved currents. While they create zero-norm states at the best, they are by no means trivial operators.
Otherwise, we cannot construct charges of the non-relativistic conformal group from the outset.
For example, the total density ρ in (3.4) has zero-norm, but certainly the mass operator M is a nontrivial operator (and so should be ρ) 9 .
Below, we illustrate that, along with Wilson loop operators, two classes of operators give rise to physically nontrivial correlations, evading the null property of operators with µ = 0 we have shown in the previous section.
monopole operators
Recalling that crux of the argument for the null property of all conformal primary local operators lies in the observation that the particle number is nothing but the charge of the diagonal U (1) gauge group. As such, gauge invariant local operators contain both creation and annihilation operators of matter fields and annihilate the Galilean vacuum. Can there be any operator which can source the U(1) charges so that gauge invariant operators involving only creation operators can be constructed? It is indeed possible in the non-relativistic ABJM theory because the theory facilitates monopole operators and the Chern-Simons term.
Using the gauge fields in the non-relativistic ABJM theory, one can construct flux-changing, monopole operators. In fact, since the non-relativistic limit does not affect the gauge fields (except appropriate scaling of the gauge potentials), the monopole operators are the same for both non-relativistic and relativistic ABJM theory. In short, the monopole operator is a local operator in (2+1) dimensions, defined as a specification of boundary condition for gauge fields: throughout S 2 around the location of the operator, a quantized U(N) gauge flux emanates. We specify the gauge flux in term of the singular magnetic monopoles [25] . Canonically, they are labeled by magnetic charges of the Cartan subalgebra: 3 where
Any generic magnetic monopole configuration can be brought to this form by U(N) conjugation. The monopole charge Q, written in terms of Cartan generators, should obey the DiracSchwinger-Zwanziger quantization condition:
In the non-relativistic ABJM theory, the Chern-Simons term lets these monopole operators also In particular, they carry respective U(1) charges k ∑ a q a . We shall denote the corresponding monopole operators as W (kq 1 , · · · , kq N ), W (kq 1 , · · · , kq N ), respectively. We see that they are local operators of nonzero mass µ > 0. For the relativistic ABJM theory, it was shown that these monopole operators are crucial to find precise agreement of the index between the conformal field theory side and the gravity dual side at non-perturbative level [26] .
We can construct local operators utilizing the above monopole operators [9] . Recall that in the non-relativistic ABJM theory Chern-Simons term yields the Gauss law constraints for the U(N)×U(N) gauge fields:
Therefore, an operator of non-zero U(1) particle number can be made neutral by attaching a monopole operator of an appropriate representation. In the simplest case of U(1)×U(1) gauge group, the monopole operator is given by e kσ , where σ is the pseudoscalar field dual to the Chern-Simons gauge field that couples to the total mass M. Because of the shift symmetry of σ → σ + Λ under the gauge transformation, one can construct a gauge invariant operator by attaching the monopole operator to an otherwise gauge non-invariant operator with non-zero M. More generally, for nonabelian U(N)×U(N) gauge group, it is possible to construct a gauge invariant composite operator by attaching the above GNO monopole operator to a product of nonabelian matter fields having non-zero mass M. For example, the so-called dibaryon operator
and its hermitian conjugate
are gauge invariant local operators carrying non-zero mass µ = Lk and scaling dimension ∆ = 2Lk, where L = 1, 2, · · ·. There are also dibaryon operators in which string of (φ b φ † b ′ ) ℓ , (ℓ = 1, 2, · · ·) are inserted in front of various φ's in the operator. They form a continuum of the spectrum µ = Lk and ∆ = 2Lk + 2ℓ ≥ 2Lk. The highest weight states are supersymmetry protected and, for these states, the monopole operator does not contribute to scaling dimension.
Notice that in all the dibaryon operators the mass is different from the U(1) gauge charge: the U(1) charge of the matter-monopole composite operator is zero because contribution of the monopole operator have U(1) charge opposite to the matter fields. In fact, this is the distinguishing feature of local operators made out of monopole operators. The Gauss' law constraints are U(1) charge neutrality conditions for the sum of matter contribution and monopole contribution (induced by the Chern-Simons term). Therefore, they provide a class of operators that are gauge invariant yet have nonzero µ and non-vanishing norm. Below, because of this, we shall see that correlation functions involving these operators are physically nontrivial.
bi-local and multi-local operators
The second class of operators that can yield physically nontrivial correlations is the bi-local operators. They are defined by gauge invariant combinations words at two widely separated space-time locations and open holonomy lines connecting between them: 
mixed correlation functions
We note that the distinguishing feature of the dibaryon and the multi-local operators is that they have non-vanishing particle number and hence µ = 0 locally. We now argue that this is sufficient to lead to physically nontrivial correlation functions.
Consider, for instance, the dibaryon operator B L and its hermitian conjugate, B † L at two locations in spacetime. In the planar approximation, the two-point correlation function is given
is the Schrödinger propagator and ∆(t, x) is propagator of the monopole operator of defining representation in (2+1)-dimensional spacetime. Notice that, in the weak coupling limit k → ∞, 
Quantum Aspects
Quantum dynamics of the non-relativistic ABJM theory entails also many interesting questions.
In this section, we mention briefly two specific aspects and relegate further investigation and other issues to separate papers [27] .
remarks on Chern-Simons level shift
The non-relativistic ABJM theory is conformally invariant, so there is no infinite renormalization to the Chern-Simons coefficient k, whose inverse plays the role of perturbative expansion parameter. However, there can in principle be a finite renormalization. In pure Chern-Simons theory, Witten [28] claimed that the Chern-Simons coupling k is shifted by
where C 2 (G) is the Dynkin index (quadratic Casimir operator) for the adjoint representation of the gauge group G. For U(N), we have C 2 (G) = N. It is now known that the finite renormalization depends on regularization scheme. In so-called Yang-Mills scheme, the scheme in which
Yang-Mills term is included to the pure Chern-Simons theory rendering the gauge fields topologically massive, the shift is nonzero: one-loop vacuum polarization diagrams of the gauge and the Faddeev-Popov ghost fields contribute additively. This is the regularization scheme implicit to Witten's claim. In dimensional reduction scheme, the scheme in which loop diagrams are first reduced to integrals involving Lorentz scalars only and then dimensionally continued, the shift is zero: one-loop vacuum polarization diagrams of the gauge and the Faddeev-Popov ghost fields cancel each other.
In the relativistic ABJM theory, which has N = 6 supersymmetry, the finite renormalization is absent for both types of regularization schemes but for different reasons. In the Yang-Mills scheme, contribution of superpartners of the gauge field is also nonzero and, when summed together, cancels off the contribution of gauge and ghost fields. In the dimensional reduction scheme, contribution of superpartners cancels off by themselves. In fact, it is the N = 2 supersymmetry that is sufficient to ensure cancelation of the finite renormalization. Now, in the non-relativistic ABJM theory, all the matter fields including the N = 2 superpartner of the gauge field becomes non-relativistic. Being so, they cannot contribute to the vacuum polarization of the gauge field. Suppose one adopts the Yang-Mills regularization scheme. Then, absence of the vacuum polarization implies that the theory now receives a finite renormalization of the Chern-Simons coefficient, as in the pure Chern-Simons theory. Since k is also present in front of matter part of the Lagrangian, by supersymmetry, this then implies that all non-relativistic matter fields receive finite renormalization of the wave functions by
To be consistent with gauge invariance, there ought to be no higher loop corrections beyond one loop. Suppose one instead adopts the dimensional reduction scheme. Then, since there was no finite renormalization of pure Chern-Simons theory and since the vacuum polarization is zero for each and every non-relativistic matter fields, there is no shift of the Chern-Simons coefficient. We thus find a peculiar situation that a regularization scheme needs to be chosen in order to define the non-relativistic ABJM theory at quantum level.
We do not have a satisfactory resolution to this issue, but have a tentative preference to the Yang-Mills scheme. Our reasoning stems from the following physical standpoint. The conformal fixed point of the ABJM theory (both relativistic and non-relativistic) is defined as an infrared fixed point of renormalization group flow. The Lagrangian of the nonconformal theory along the renormalization group flow contains the Yang-Mills term with nonvanishing coefficient off the fixed point. We should emphasize again that the limit of approaching the infrared fixed point is smooth in the relativistic ABJM theory but discontinuous in the nonrelativistic counterpart.
Under the above caveat on using the Yang-Mills scheme, the finite renormalization k → (k + N) bears an interesting implication in search for gravity dual to the non-relativistic ABJM theory. In the relativistic ABJM theory, such a finite renormalization was absent, and the 't Hooft coupling λ := N/k can take an arbitrarily large value, rendering geometry of the gravity dual macroscopically large in string unit and so weakly curved. In the non-relativistic ABJM theory, we see that this is not possible. The 't Hooft coupling is now given by λ := N/(N + k), and can take O (1) at most. Therefore, geometry of the gravity dual ought to have string scale size and becomes strongly curved. We see that, along with topological nature of interactions, the gravity dual features string-scale geometry.
non-relativistic spin chain and dual string theory
Analogous to the relativistic counterpart [29, 30] , [31, 32] , we can also study conformal dimensions of gauge invariant, single trace operators. We choose the ground state to a supersymmetry protected operator, for example,
Excited states above this ground state with higher conformal dimension are constructible simply by replacing φ 1 to φ 2 and φ † 1 ′ to φ † 2 ′ . We have essentially two SU(2) spin chains alternatingly interweaved. As in the relativistic ABJM theory, these states correspond to magnon excitations in the alternating spin chain. We would like to find dilatation operator and its eigenvalues on these states at weak 't Hooft coupling limit. We expect these operators are in one-to-one correspondence with excited states of a single Type IIA string in yet-to-be-found gravity dual background.
At large N, only planar diagrams contribute. By inspection of the scalar potential (2.3), it is evident that interactions among the matter fields do not contribute at all, simply because all planar diagrams involve pair creation/annihilation processes and they are prohibited in a nonrelativistic system as this theory is. Interactions involving gauge fields are possible but they do not flip the SU(2) flavor 'spins' and only contribute to the ground-state energy. When summed up, these contribution ought to vanish since the dynamical supersymmetry protects the groundstate from acquiring nonzero energy. This means that all single trace operators, supersymmetry protected or not, have vanishing anomalous dimension to all order in perturbation theory. We conclude that planar contribution to the dilatation operator is simply an identity operator to all orders in the 't Hooft coupling: By interpreting the set of single-trace states as the excitation states of a single Type IIA string in gravity dual, we learn that the worldsheet dynamics is trivial. As the spin-chain Hamiltonian (as described by the dilatation operator) has no term exchanging letters (spins), there cannot possibly be a 'magnon' excitation in the spin chain picture. This in turn implies that there cannot possibly be a propagating worldsheet excitation in the string picture. Roughly speaking, string is made of bits, but the bits do not interact each other for any value of the string tension.
Again, they exhibit topological character.
Once we take account of nonplanar contributions mentioned above, the spin chain ceases to be topological. This is evident from the Feynman diagrammatics. At one loop and beyond, there are nontrivial joining / splitting and exchange terms contributing to the dilatation operator.
In this regard, the joining and splitting of the spin chain and the string interaction become nontrivial. The issue is outside the main focus of this paper, so we shall relegate further elaboration elsewhere [27] .
Finally, we remark that exactly the same argument applies also to the dibaryon operators, though this was the feature already present in the relativistic ABJM theory.
Conclusion
In this paper, we investigated gauge-invariant observables and their correlation functions in the non-relativistic ABJM theory. We showed that the local gauge invariant observables are all zero-norm states, and the correlation functions among them are trivial. We also showed that
Wilson loops are topological in the sense that the matter fields impart no radiative corrections and their correlation functions coincide with those of the pure Chern-Simons theory, depending only on link and knot of the contour. We further showed that the theory is nevertheless nontopological since there are physically nontrivial correlation functions. We illustrated a few of them by utilizing monopole operators and multi-local operators.
Although it has not been demonstrated yet, it must be that the non-relativistic ABJM theory has a sensible gravity dual description. Indeed, massive deformation of the relativistic M2-brane gauge theory is known to have a dual geometry [33] . It remains to take gravity counterpart of the non-relativistic limit 10 . The results of our paper suggests that this limit should lead to a very peculiar gravity dual. First of all, all the bulk fields must have zero norm with µ = 0.
Second, the Wilson loops, most likely represented by the fundamental strings stretched toward the boundary, must be topological and tensionless. Third, the gravity dual have a geometry of string scale and string theory defined on it is topological. Fourth, some correlation functions involving monopole or multi-local operators must be physically nontrivial. Fifth, it should be noted that the non-relativistic conformal symmetry (Schrödinger symmetry) is not a part of the relativistic counterpart OSp(6|4). Related to this, the moduli space of the non-relativistic ABJM theory is not related not in any direct way to the moduli space of the relativistic ABJM theory -in fact, the latter was lifted completely as soon as the mass deformation is introduced.
We emphasize that these peculiar aspects may not be particular to the non-relativistic ABJM theory, and they may form a universality class to all non-relativistic conformal field theories.
For instance, suppose a dual conformal field theory is given by a generic Chern-Simons-Matter theory where the total mass charge is a part of the gauge symmetry. Then the triviality of the correlation functions among local observables and the topological nature of the Wilson loops follow directly from the same argument as given in this paper. Notice that, in this argument, supersymmetry plays a minor role. Consequently, it seems very important to study other non-local objects, not conventionally studied in the AdS/CFT correspondence, to reveal the dynamics of such non-relativistic CFTs.
Finally, we would like to comment on embedding of the non-relativistic AdS/CFT backgrounds in the string theory proposed in [35] [36] [37] and in the M-theory proposed in [34] . A common thread of their backgrounds is that they all contain a null conical singularity. One can then wrap any numbers of strings or M2 branes along the light-like compact directions, rendering them effectively tensionless. In this sense, their background is unstable and pathological as a ground state. A partial topological nature of the non-relativistic ABJM theory discussed in this paper might be related to the instability of their string background. Their singularity was removed once they introduced the finite temperature and finite density. It is easy to see that the topological feature of the non-relativistic ABJM theory no longer persists once we introduce finite temperature and finite density.
We strongly believe that this research stimulates further studies on the non-relativistic AdS/CFT and the (non)local observables therein and the search for string or M theory defined on putative holographic dual with fascinating topological structures.
